Past studies of the Brauer group of a scheme tells us the importance of the interrelationship among Brauer groups of its finiteétale coverings. In this paper, we consider these groups simultaneously, and construct an integrated object "BrauerMackey functor".
Introduction
In this paper, any scheme X is assumed to be Noetherian. π(X) denotes itsétale fundamental group. Any morphism is locally of finite type, unless otherwise specified. As in [10] , X et denotes the smallétale site, consisting of étale morphisms of finite type over X. If U = (U i f i −→ X) i∈I is a covering in this site, we write as U ∈ Cov et (X). U ≺ V means U is a refinement of V.
As for the finiteétale covering, theétale fundamental group and the Galois category, we follow the terminology in [11] . For example a finiteétale covering is just a finiteétale morphism of schemes.
Our aim is to make the following generalization of the result by Ford [5] , which was shown for rings. This follows from our main theorem:
Theorem (Theorem 6.6) Let S be a connected scheme satisfying Assumption 5.1. Let (FEt/S) denote the category of finiteétale coverings over S.
Then, the Brauer group functor Br forms a cohomological Mackey functor on (FEt/S).
As in Definition 6.1, a Mackey functor is a bivariant pair of functors Br = (Br * , Br * ). For any morphism π : Y → X, the contravariant part Br * (π) : Br(X) → Br(Y ) is the pull-back, and the covariant part Br * (π) : Br(Y ) → Br(X) is the norm map defined later.
By applying Bley and Boltje's theorem (Fact 8.2) to Corollary 7.2, we can obtain certain relations between Brauer groups of intermediate coverings:
Corollary (Corollary 8.3) Let X be a connected scheme satisfying Assumption 5.1, and π : Y → X be a finite Galois covering with Gal(Y /X) = G.
(i) Let ℓ be a prime number. If H ≤ G is not ℓ-hypoelementary, then there is a natural isomorphism of Z ℓ -modules
Here, |U| denotes the order of U.
Preliminaries
To fix the notation, we recall several facts in this section. If C is a category and X is an object in C, we abbreviately write as X ∈ C. If f : X → Y is a morphism in C, we write as f ∈ C(X, Y ) or f ∈ Mor C (X, Y ).
Monoidal categories, monoidal functors and monoidal transformations are always assumed to be symmetric.
For a scheme X, q-Coh(X) denotes the category of quasi-coherent modules over O X .
Fpqc descent
Definition 2.1 Let X ′ → X be an fpqc morphism of schemes. Put X (2) := X ′ × X X ′ , X (3) := X ′ × X X ′ × X X ′ and let
(i, j ∈ {1, 2, 3}) be the projections. Define a category q-Coh(X ′ → X) as follows :
-an object in q-Coh(X ′ → X) is a pair (F , ϕ) of a sheaf F ∈ q-Coh(X ′ ) and an isomorphism ϕ : p * 1 F ∼ = −→ p * 2 F in q-Coh(X (2) ).
-a morphism from (F , ϕ) to (G, ψ) is a morphism α ∈ q-Coh(X ′ )(F , G), such that p *
For any (F , ϕ) and (G, ψ) ∈ q-Coh(X ′ → X), let ϕ ⊗ ψ be the abbreviation of where U is the forgetful functor. By the fpqc descent, f * is an equivalence.
In fact, U is a monoidal functor, and f * is a monoidal equivalence. 
Contravariant nature of the Brauer group
Here π * : Br(X) → Br(Y ) is the pull-back of Azumaya algebras, while π * :
, where π ♯ : G m,X → π * G m,Y is the canonical (structure) homomorphism ofétale sheaves on X.
Norm functor
In this section, we construct a monoidal functor
which we call the norm functor, for any finiteétale covering π : Y → X.
Trivial case
Definition 3.1 Let X be a scheme, and let
be the folding map. We define the norm functor 
with ∇, there is a natural monoidal isomorphism
PROOF. Left to the reader. 
Remark 3.5 By Remark 3.3, N π does not depend on the choice of trivialization η.
Remark 3.6 Let π : Y → X be a finiteétale covering with a trivialization η :
PROOF. (i) This follows from Remark 3.6, since we have
for any G ∈ q-Coh(Y ), in the notation of Remark 3.6
(ii) This follows from the trivial case
where, (3.2) immediately follows from the commutativity of the following diagrams for any F ∈ q-Coh(Y ) : 
f can be also taken as a surjectiveétale morphism.
Proposition 3.9
In the notation of Remark 3.8 ,
PROOF. For the convenience, we abbreviate two functors
These are monoidal. Put
and denote the projections by
Pulling π back by these projections, we obtain finiteétale coverings:
Remark that each of π (2) and π (3) has a trivialization.
It suffices to show the following:
PROOF. (proof of Claim 3.10) Since F = g * F , there is a canonical isomor-
By (3.2) and the naturality of θ, we have a commutative diagram
From this, we can see easily that the factorization of
becomes a monoidal functor. 
4)
and thus f
PROOF. This follows from Remark 2.2 and Remark 3.11. 
PROOF. By considering the pull-back
9 9 y y y y y y y we may assume f 2 factors through f 1 :
is compatible with descent data
defined in Claim 3.10:
Thus Proposition 3.13 follows from Remark 2.2. 
Then there exists a natural monoidal isomorphism
PROOF. Let u : U → X be an fpqc morphism trivializing π, and take the pull-backs
By Proposition 3.7, there is a natural monoidal isomorphism
As in Proposition 3.13, natural monoidal isomorphism
is compatible with descent data, and we obtain a natural monoidal isomorphism θ
As in Proposition 3.7, θ is natural in f :
Applying Proposition 3.7, we obtain the following commutative diagram:
From this, we obtain
Since u ′′ is fpqc, Corollary 3.16 follows.
General case
Remark 3.17 Let X be a scheme. For any open subscheme ι : U ֒→ X and H ∈ q-Coh(U), we often abbreviate ι * H ∈ q-Coh(X) simply to H.
the decomposition into the connected open components.
For any F ∈ q-Coh(X), we have a canonical decomposition
Regarding this decomposition, for any F , G ∈ q-Coh(X), we have 
We define the norm functor
By the arguments so far, we obtain the following:
(ii) For any other morphism
if we take the pull-back
PROOF. This immediately follows from Proposition 3.15 and Corollary 3.16. 
PROOF. Take an fpqc morphism f : X ′ → X trivializing π:
Then we have an isomorphism
This β satisfies the commutativity of
is the isomorphism defined in Claim 3.10.
is locally free of finite rank, then so is N π (E) ∈ q-Coh(X).
PROOF. By Proposition 3.19, we may assume X is affine and connected. Then Y is also affine, and π is of constant degree. Remark E is locally free of finite rank if and only if there is an integer m and an epimorphism
Take an fpqc morphism f : X ′ → X trivializing π :
Since f is fully faithful, N π (s) :
4 Norm maps
Norm map for the Brauer group
Definition 4.1 Let π : Y → X be a finiteétale covering. For any F , G ∈ q-Coh(Y ), we define a morphism
as follows : Define ξ π as the composition
By the adjoint isomorphism
we obtain δ π corresponding to ξ π .
Remark 4.2
To define δ π , we only used the monoidality of N π . In fact, for any monoidal functor F : C → D between closed symmetric monoidal categories, we can define a natural transformation
where
The following proposition also follows from general arguments on monoidal functors. We omit its proof.
is a monoid morphism.
Remark 4.4 Let π :
Y → X be a finiteétale covering, and take the pull-back by a morphism f :
, we obtain an isomorphism
such that for any E ∈ q-Coh(X ′ ), the following diagram is commutative : 
Then, the following diagram is commutative :
Remark that
x xis commutative. Put
and let µ and ν be their images under the adjoint isomorphism
respectively. It suffices to show µ = ν.
, and let µ 0 be its image under
Since µ = I θ • µ 0 , by Remark 4.4, we have
By the definition of ξ π ′ and the naturality of the adjoint isomorphism, we can show easily
On the other hand, we have a commutative diagram 
is an isomorphism.
PROOF. Let U ⊂ X be any open subscheme. Put V := π −1 (U) and let ̟ : V → U be the restriction of π onto V . By Proposition 4.5, we have a commutative diagram
Thus by taking an affine open cover of X, we may assume X is affine and connected.
Moreover, again by Proposition 4.5, replacing X by its finiteétale covering X ′ → X, we may assume Y is trivial over X, i.e.,
Since Y is affine, any F ∈ q-Coh(Y ) can be identified with Γ(Y, F ), which is a Γ(Y, O Y )-module. Similarly for the sheaves on X.
Under this identification, for any
Similarly, it can be easily seen that ξ π
Correspondingly, δ π is given by
which is isomorphic.
Corollary 4.7
In particular, for any locally free E ∈ q-Coh(Y ) of finite rank,
is an isomorphism of O X -algebras. 
PROOF.
We may assume π is of constant degree d. Let x : X ′ → X be a surjectiveétale covering which trivializes π :
Pulling g back by y, we obtain
, we obtain a surjectiveétale morphism f : U → X ′ which makes the following diagram commutative for any 1 ≤ k ≤ d : T  T  T  T  T  T  T  T  T  T  T  T  T  T  T  T Pulling back f , we obtain:
| | y y y y y y y y y y y
then we have the following commutative diagram :
This is what we wanted to show. PROOF. Since N π is monoidal, N π (A) becomes an O X -algebra. By Proposition 3.22, N π (A) is locally free of finite rank. Let g : V → Y be a surjectivé etale morphism such that there exists a locally free sheaf E ∈ q-Coh(Y ) of finite rank, with an isomorphism of O V -algebras
By Lemma 4.8, replacing g if necessary, we may assume there exists a surjectivé etale morphism f : U → X such that g is the pull-back of f by π:
By (4.5) and Corollary 4.7, we obtain an isomorphism of O U -algebras
which shows N π (A) is an Azumaya algebra on X. PROOF. This follows from Corollary 4.7 and Proposition 4.9.
Norm map for the cohomology group

Remark 4.11 Remark there is a natural isomorphism
for each scheme X. If π : Y → X is a finiteétale covering, from the norm functor N π : q-Coh(Y ) → q-Coh(X), we obtain a group homomorphism 
Thus we can define a group homomorphism
We define
by
Then the set of group homomorphisms
gives a homomorphism of abelian sheaves on X et :
PROOF. Let f ′ : U ′ → X be anotherétale morphism of finite type, and u : U → U ′ be anétale morphism over X. Take the pull-backs:
It suffices to show the commutativity of
This immediately follows from the fact that θ is a natural monoidal isomorphism;
where c(θ 
We define the norm map for cohomology, as the composition of this map with the canonical isomorphism
and abbreviately denote it by N π :
Compatibility of the norm maps
In the following, we often assume that a scheme X satisfies the following assumption: 
PROOF. By Assumption 5.1, it suffices to show for theČech cohomology. First, we briefly recall the construction of
usingČech cohomology (cf. [10] ). For any Azumaya algebra A on Y , there exists a surjectiveétale morphism g : V → Y , a locally free E ∈ q-Coh(Y ) of finite rank, and an isomorphism of O V -algebras
Take the pull-back
and put
is an Azumaya algebra on V (2) , there exists a surjectiveétale morphism W → V (2) and an element c ∈ Γ(W,
is the inner automorphism defined by c :
By Assumption 5.1, there exists a surjectiveétale morphism V
such that the induced morphism 
We call (V, E, φ, c) a compatible trivialization of A. Remark that for any refinement of V
we obtain an induced compatible trivialization of
be the projections to the (i, j)-th components, and put q (3) := q (2) • q ij . If we put
Thus we obtain a 2-cocycle χ So, replacing (V, E, φ, c) by the induced compatible trivialization on π * U, we may assume V = π * U.
Then we obtain a compatible trivialization (U, N π E, N ̟ φ, N ̟ (2) (c)) of N π (A), defined as follows:
i i i i i i i i i i i i i
Here c(θ
π ) is the conjugation by θ p (2) π .
By Remark 4.4, there is an induced group isomorphism
I × θ : End O U (2) (N ̟ (2) q (2) * E) × ∼ = −→ End O U (2) (p (2) * N π E) × . Claim 5.4 (U, N π E, N ̟ φ, N ̟ (2) (c)) is a compatible trivialization of N π (A).
PROOF. (Proof of Claim 5.4) It suffices to show
Using Proposition 3.19 (ii) and Proposition 4.5, we can show easily
By Remark 4.4, we have a commutative diagram
Thus we obtain the following commutative diagram:
By (5.2), this means (5.1).
We haveȞ
and the canonical natural isomorphism
fits into the following commutative diagram:
can.
So, it suffices to show
Similarly as N ̟ (2) , we can construct a homomorphism
compatible with N ̟ (2) and
From this, we havě
6 Brauer-Mackey functor on the Galois category Let Ab be the category of abelian groups. For any profinite group G, let G-Sp denote the category of finite discrete G-spaces and continuous equivariant G-maps. (1) (Additivity) For each coproduct 
not decomposable into non-trivial coproducts ), we have
This gives an isomorphism of categories
For any finiteétale covering π : Y → X, put Br * (π) := π * and Br * (π) := N π . Then we obtain a cohomological Mackey functor Br (and similarly Br ′ , H 2 et (−, G m )) as follows. Remark that for any connected scheme S, the category (FEt/S) of finiteétale coverings over S becomes a Galois category [11] . PROOF. We only show Mackey and cohomological conditions. Since π * and N π are compatible with inclusions
be a pull-back diagram in (FEt/S).
For anyétale morphism of finite type f : U → X, take the pull-back of (6.1) by f :
Then we have a commutative diagram
where c(θ
Thus we have a commutative diagram
Cohomological condition
For any finiteétale covering ̟ : V → U of constant degree d, the composition
is equal to the multiplication by d. This follows from the trivial case ∇ :
From this, we can see
is equal to the multiplication by d = deg(π)
Restriction to a finite Galois covering
Thus we have obtained a cohomological Mackey functor Br on FEt/S. Pulling back by a quasi-inverse S of the fundamental functor
we obtain a Mackey functor on π(S) :
There is a sequence of cohomological Mackey functors PROOF. By the projection pr : π(X) → → G op , we can regard any finite G op -set naturally as a finite π(X)-space, to obtain a functor
Pulling back by this functor, and taking the opposite Mackey functor, we obtain
Example 1
For a prime ℓ and an abelian group A, its corank is defined as rank
Here we denote this by rk ℓ (A):
Br(X)(ℓ) is known to be of finite corank, for example in the following cases ( [8] ): -(C1) k: a separably closed or finite field, X: of finite type /k, and proper or smooth /k, or char(k) = 0 or dim X ≤ 2.
-(C2) X: of finite type /Spec(Z), and smooth /Spec(Z) or proper over ∃open ⊂ Spec(Z).
Remark that if Y /X is a finiteétale covering and if X satisfies (C1) or (C2), then so does Y .
Example 2
By Gabber's lemma (Lemma 4 in [6] ), for any finiteétale covering π : Y → X, we have
In particular, if Br(Y ) ⊂ Br(Y ) ′ is of finite index, then so is Br(X) ⊂ Br(X) ′ . 
where H 2 g denotes the non-abelian cohomology of Giraud.
PROOF. Since F is a stack fibered in groupoid, it can be easily seen that so is π * F . Thus, to show π * F is a gerbe, it suffices to show the following: (a) π * F is locally connected (b) π * F is locally non-empty (a) For any U ∈ X et and any 
Thus we have F (V ′ ) ≃ F (W 1 ) × F (W 2 ). In particular, F (W 1 ) = ∅. Since w :
Thus π * F is a gerbe, which is obviously bound by π * G m,Y . 
by N ̟ (E, α) = (N ̟ (E), β), where β is the composition
Then for any morphism u : U ′ → U in X et if we take the pull-back
then we have a natural isomorphism (ii) This follows from the commutativity of
. 
